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Basic setup

Sensing device:
e Square array [~A/2, A/2]? with aperture A > 0,
e antenna elements aj,...,a, € [-A/2,A/2]°.
Target image: Point targets x := > _;_; x¢0p, at distance zy > 0,
o {xe}y—1. ¢ C C reflectivities,
° {pe}—1, s C[-L, L]?> x {zo} positions, L > 0 target domain.
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Transmit waveform

e Transmit waveform: Monochromatic wave of wavelength
A > 0;

e ax € [-A/2,A/2]? transmits, spatial part recorded in
pe € [~L, L]* x {20} given by

exp (2 ||lax — pell,)
4t ||lak — pell,

G(ak, pe) =

e Under far field assumption (zp > A+ L) and with
pe = (&, e, 20):

exp (5 1ok — (&m0

47 20

G(ak, pe) ~ G(ak, pe) = ;
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Measurement model

e TR-mode: one antenna transmits, whole array records echo.

o a, € [~A/2,A/2]? transmits, a,, € [~A/2,A/2]? receives,
echo from scene x = >";_; Xx¢0p,

Z G(ak, pe)G(pe, am)xe- (Born approximation)

e Measure Fourier coefficients of x at spatial frequencies

1
fum i = — m)-
P )\Zo(ak+a)
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Random antenna locations

e Choose n antenna positions ay, ..., a, € [-A/2,A/2]?
independently and uniformly at random.

o Discretize target space [—L, L]? x {z} into grid (p;)j=1...n of
meshsize

do = Azo/A (Rayleigh resolution).

e Scene respresented by vector (x;j)j—1,.. n of reflectivities.
Assumption: x s-sparse with s < V.
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Spectrum interpolation via ¢;-minimization

Recall: Measure Fourier coefficients y = Ax € C" at random
frequencies 1/(Azp)(ak + am)-

l.e.: Undersample full spectrum of x at random locations.

Goal: Recover x, i.e. interpolate the full spectrum from
knowledge at random frequencies.

Algorithm: Suppose measure y = Ax + z with complex
Gaussian noise z ~ N¢ (0,0?). Solve noise-constrained
£1-minimization:
arg min ||v|; subject to ||Av — y||, < const on.
veCN
: Qusdorff
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Random spectrum sampling

Compressed Sensing = Spectrum interpolation
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A rigorous CS result

Theorem (H., Rauhut, Strohmer 2013)

x € CN fixed scene, measure y = Ax + z € C"™ where
z ~ N¢ (0,02). Suppose that for e > 0

n? > Cslog? <N> )
€

C > 0 universal constant. If discretization meshsize satisfies
do = Azo/A, then with probability at least (1 — €)?, solution X to

arg min |[|v||; subject to H/z\v —yH < onlog(1/e)
veCN 2

satisfies
I% = xll, < (V50 + o5(x)1). QL
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ROC curves

e Below: ROC curves for sparsity/number of targets s = 100 at
Rayleigh resolution.
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Gridding error

e Question: what happens for finer grids? Set SRF € N+

. . _ 1 Xz
(super-resolution factor), choose meshsize dy = <gr “2°.

SRF = 4, 30 targets, SNR = 27dB
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Gridding error

e Question: what happens for finer grids? Set SRF € N+

. . _ 1 Xz
(super-resolution factor), choose meshsize dy = <gr “2°.

SRF = 8, 20 targets, SNR = 27dB
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e Antenna elements ay,...,a, € [-A/2,A/2]? on an array
[~A/2,A/2]? arranged on equidistant grid of meshsize do;

® a3 = (k1(50, k250) with ki, ko € {—A/(2(50), - ,AV/(250)}.

e Now: Measure Fourier coefficients yim, = (Fx)xm € C at
deterministic frequencies 1/(\zp)(ax + am).

= Measure spectrum of scene x = Y ;_; x¢0p, in target
domain [—L, L]? x {z} up to cut-off
fe .= A/(Azp).
= Recover x from low-pass information y = Fx € C?"+1
amounts to spectrum extrapolation.
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Low-pass sensing

Super-Resolution = Spectrum extrapolation
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A rigorous SR-result

In practice: Discretize [—L, L]? x {z} into grid {pi}ic1. .-
x € CN, N = SRF - n, measure Fourier coefficients
y=Fyx € C? n=A/(\z). Set T := {j € [N]|x; # 0},
RF =N min = mi P — .
S /n, min_llpj = Peloo

Theorem (Candes, Fernandez-Granda)

Suppose measure y = Fox + z with |Fz||1/N < n. Let
dmin > 2.38\z9/A. Then solution X to

arg min ||X||; subject to ||F;(FaX —y)|l; /N <7
xeCN

satisfies

|% — x||; < Const.SRF?. Orff

HEMATICS
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Numerical examples

SRF = 10, 30 targets, SNR = 20 dB.
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Numerical examples

SRF =5, 64 targets, SNR = 17dB
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Numerical examples

SRF =5, distance = 0.4 Rayleigh lengths.
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Thank you for your attention!
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