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Noiseless CS formulation 
 
 
 
 
 
 
 
 

𝒅 =  𝚽T𝒔 =  𝚽T𝑨𝑨 = 𝑩𝑩 

𝒅 = 𝚽T 𝒔 + 𝒘 + 𝒆 = 𝚽T𝑨(𝒙 + 𝒏) + 𝒆 

Input SNR 
 

𝜂I =  𝒙 2
2

Ε 𝒏|𝝀 2
2�  

Output SNR    
 

𝜂O =  𝑩𝒙 2
2

Ε 𝑩𝑩 2
2�  

Recovered SNR 
 

𝜂R =  𝒙 2
2

Ε 𝒙� − 𝒙 2
2�  

𝜂I  𝜂O  𝜂R  

‘Signal’ noise Measurement noise 



Outline 

• Modulated Wideband Converter 

• Noise Folding in the Modulated Wideband Converter 

• Frequency-punctured Mixing Sequences 

• Some Numerical Results 

• SNR - Coherence  

• Conclusions 
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MWC for blind wideband signal acquisition 

• Multiband signal  

• Multiple narrowband frequency channels with unknown frequency positions distributed over wide 
frequency band of interest 𝑊. 

• Limited number of active channels 𝐿𝑠 so that ∑ 𝐵𝑖 ≪ 𝑊𝐿𝑠
𝑖=1   ⇛  sparse in the frequency domain 

2nd International Workshop on Compressive Sensing applied to Radar 

17 - 19 September 2013, Bonn, Germany 

17/9/2013 Page 5 

𝒅 =  𝚽T  𝑨𝑨  

Implemented in hardware 

Given by nature 

𝒅 = 𝑩𝑩 = 𝚽T𝑨𝑨 = 𝑹𝚿𝑨𝑨 Periodic PN 
sequences  𝒑𝒎(𝒕)  

𝑻𝒑 ≪ 𝑵 
 

𝑝1(𝑡) 

𝑝2(𝑡) 

𝑝M(𝑡) 

•   
•   
•   

ℎ(𝑡) 

ℎ(𝑡) 

ℎ(𝑡) 

𝑘𝑇𝑠 

𝑘𝑇𝑠 

𝑘𝑇𝑠 

𝑑1[𝑛] 

𝑑2[𝑛] 

𝑑M[𝑛] 

𝑠(𝑡) 

*Mishali, Moshe, and Yonina C. Eldar. "From theory to practice: Sub-Nyquist sampling of sparse wideband analog signals."  
Selected Topics in Signal Processing, IEEE Journal of 4.2 , 2010. 



MWC in frequency domain analysis 

𝑝𝑚 𝑡 = � 𝛾𝑚,𝑘𝑒
𝑗2𝜋𝑇𝑝

𝑘𝑡
∞

𝑘=−∞

 

ℎ(𝑡) 

𝑘𝑇𝑠 

𝑑𝑚[𝑛] 𝑠(𝑡) 
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-200 -150 -100 -50 0 50 100 150 200
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Signal 1
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f, Hz0 𝑓𝑠/2 −𝑓𝑠/2 
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Input SNR  

𝜂I =
𝑡𝑡𝑡𝑡𝑡 𝑖𝑖𝑖𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠 𝑝𝑝𝑝𝑝𝑝

𝑛𝑛𝑛𝑛𝑛 𝑝𝑝𝑝𝑝𝑝 𝑤𝑤𝑤𝑤𝑤𝑤 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝑏𝑏𝑏𝑏𝑏  

Output SNR per channel 

𝜂O,𝑚 =
𝑡𝑡𝑡𝑡𝑡 𝑜𝑜𝑜𝑜𝑜𝑜 𝑠𝑠𝑠𝑠𝑠𝑠 𝑝𝑝𝑝𝑝𝑝
𝑡𝑡𝑡𝑡𝑡 𝑜𝑜𝑜𝑜𝑜 𝑛𝑛𝑛𝑛𝑛 𝑝𝑝𝑝𝑝𝑝  

 

Assumptions: 
• 𝑓𝑠 = 𝑓𝑝 

• Sub-band bandwidths  𝐵𝑗 = 2𝑊
2𝐾0+1

= 2𝑊
𝐾

 

• Sub-band central frequencies 𝑓𝑐𝑐 = 𝑗 ∙ 𝑓𝑝 2�   

• Input noise is white with PSD 𝑁0 

• 𝛾𝑚,𝑘~𝒞𝒞(0,1/ 𝐾) 

17/9/2013 

𝑁0 

0 𝜋 −𝜋 

𝑆 𝜔  𝑆𝑗(𝜔)  𝑊𝑤(𝜔) 

… … 
𝛾𝑚,𝑗 𝛾𝑚,𝐾0 𝛾𝑚,0 𝛾𝑚,𝑗

∗ 𝛾𝑚,𝐾0
∗ 

… … 

𝐷(𝜔) 

𝜂I =
∑ 𝑃𝑆𝑗𝑗∈𝒦𝑠

𝑁02𝑊/𝐾        
 
𝜂O,𝑚

≤
∑ 𝛾𝑚,𝑗

2 ∙ 𝑃𝑆𝑗𝑗∈𝒦𝑠

𝑁02𝑊
𝐾 ∙ ∑ 𝛾𝑚,𝑘

2
𝑘

 

Ε
 
𝜂O,𝑚

= 1
𝐾
𝜂𝐼  ,where 1

𝐾
 is sampling rate reduction per channel  



Frequency-punctured mixing sequences 
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Let’s build 𝜸𝑚 so that  
𝐷𝑚 𝜔 = ∑ 𝛾𝑚,𝑘 ∙𝑘∈𝒦𝑚 𝑆𝑘 𝜔 , 

where 𝒦𝑚 ⊆ 𝒦: −𝐾0, … , 0, … ,𝐾0  defines the number 𝐾�  ≤ 𝐾 of subbands to take into account  

0 𝜋 −𝜋 

𝑆 𝜔  𝑆𝑗(𝜔)  𝑊𝑤(𝜔) 

𝐷(𝜔) 

𝛾𝑚,𝑘 = 0, for 𝑘 ∉ 𝒦𝑚 and  

Ε 𝛾𝑚,𝑘 = 1

𝐾�
 , for 𝑘 ∈ 𝒦𝑚 

Ε
 
𝜂O,𝑚

=  Ε
∑ 𝛾𝑚,𝑗

2 ∙ 𝑃𝑆𝑗𝑗∈𝒦𝑠∩𝒦𝑚

𝑁0𝑊
𝐾 ∙ ∑ 𝛾𝑚,𝑘

2
𝑘∈𝒦𝑚

 

Ε
 
𝜂O,𝑚

=

1
𝐾�
∙ 𝜂𝐼 , when 𝒦𝑠 ⊆ 𝒦𝑚

1
𝐾�
∙ 𝛽 ∙ 𝜂𝐼 , when 𝒦𝑠 ∩𝒦𝑚 = 𝒦𝑧, n(𝒦𝑧) ≠ 0

0, 𝒦𝑠∩𝒦𝑚 = ∅
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Simplified frequency domain signal model: 
• 𝒙 ∈ ℂ𝑁 , card(𝑠𝑠𝑠𝑠 𝒙 ) = 𝐿s = 1 , 𝒙 2 = 1 
• 𝒏 ∈ ℂ𝑁 ,𝑛𝑘  ~𝒞𝒞(0,𝑁0) 
• 𝛾𝑚,𝑘~𝒞𝒞(0,1), k = 1, …𝑁, Ε 𝜸𝑚 2 = 1 

𝒅 =  𝚽T𝒓 = 𝚽T 𝒔 + 𝒘 = 𝑩(𝒙 + 𝒏) 

𝑊 

Frequency  
support Active frequency band 

: 𝒙 
𝑁x1 

𝑩 =  𝚽𝐓𝑨 =   
𝛾1,1 ⋯ 𝛾1,𝑁

⋮ ⋱ ⋮
𝛾𝑚,1 ⋯ 𝛾𝑚,𝑁

1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

  

𝑩 
𝑀x𝑁 

Introducing 𝐾 − 𝐾�  zeros 

so that  ∀𝑘.∃𝛾𝑚,𝑘:  𝛾𝑚,𝑘 ≠ 0 

𝒙 
𝑁x1 

𝑩 
𝑀x𝑁 

= 

𝒅 
𝑀x1 

+ 

𝒏 
𝑁x1 

𝑩 
𝑀x𝑁 



Numerical results.  
Support recovery 
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𝒙 
𝑵x1 

𝑩 
𝑴x𝑵 

= 

𝒅 
𝑴x1 

Support recovery was based on the Basic Pursuit approach 
min
𝑥

𝒙 1  subject to 𝒅 − 𝑩𝑩 2
2 ≤ 𝜀  card 𝒙 = 1 → 𝑠𝑠𝑠𝑠 𝒙 = max 𝒅T𝑩  

0.1

0.1

0.1

0.2
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0.3
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t S
N

R
 [d

B]
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0.7

0.8

0.9
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�
𝐾

= 1, Sparsity 𝐿𝑠
𝑁

= 0.025 
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0.2
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up
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ISNR = inf
ISNR = 30 dB
ISNR = 26 dB
ISNR = 24 dB
ISNR = 22 dB
ISNR = 20 dB

ISNR ↓ 



Numerical results. Punctured 𝜸𝑚  
SNR per channel  
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Probability density function of the output signal power 

Input SNR 𝜂I = 20 dB, N = 20 𝜂I =  
𝒙 2

Ε 𝑛𝑘 2 =
1
𝑁0

, 𝜂O,𝑚 =
Ε 𝜸𝑚T 𝒙

2

Ε 𝜸𝑚T 𝒏
2  

Expected output SNR  

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
-14
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-6

-4
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0

1 ¡ ~K =K

S
N

R
 [d

B
]

for the case  𝛾𝑚,𝑘 ≠ 0  
when 𝑥𝑘 = 1 

Overall 

1 − 𝐾�/𝐾 
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0
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~K =K
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~K =K

~K =K

  1
 0.9
 0.8
 0.7
 0.6
 0.5
 0.4
 0.3
 0.2
 0.1

𝐾�/𝐾 

𝐾�/𝐾 ↓ 
𝐾�/𝐾 ↓ 

≈
 

𝒙 
𝑵x1 

𝑩 
𝑴x𝑵 

= 

𝒅 
𝑴x1 
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Numerical results. Punctured 𝜸𝑚  
Support recovery and coherence 
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Mutual Coherence 𝜇 between 𝚽 
and 𝑨  

𝜇 = max
𝑖,𝑗

𝝋𝑖 ,𝒂𝑗
𝝋𝑖 𝒂𝑗

 

Sampling rate reduction 𝑀
𝑁

= 0.5, Sparsity 𝐿𝑠
𝑁

= 0.025 

Self-Coherence 𝜇2 of matrix 𝑩 

𝜇2 = max
𝑖,𝑗
𝑖≠𝑗

𝒃𝑖 ,𝒃𝑗
𝒃𝑖 𝒃𝑗

 

𝒙 
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Self-coherence 𝜇2 of matrix 𝑩 

𝜇2 = max
𝑖,𝑗
𝑖≠𝑗

𝒃𝑖,𝒃𝑗
𝒃𝑖 𝒃𝑗
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𝒅T𝑩 = (𝑩𝑩)T𝑩+ (𝑩𝑩)T𝑩 = 𝒙T𝑩T𝑩 + 𝒏T𝑩T𝑩 

Probability of confusing  𝑖th row of 𝑩 with 𝑗th 
𝑃Ε 𝑖 = 1 + 𝒏T𝑩T𝒃𝑗 ≤ 𝛽𝑖𝑖 + 𝒏T𝑩T𝒃𝑖 , 

where 𝛽𝑖𝑖 = 𝒃𝑗T𝒃𝑖 

If 𝒏T𝑩T white noise with variance 𝜎2 

𝑃Ε 𝑖 ≈ 𝑄 − 1−𝛽𝑖𝑗
2𝜎2

∙ 𝑄 𝛽𝑖𝑗
𝜎2

+ 𝑄 − 1+𝛽𝑖𝑗
2𝜎2

∙

𝑄 − 𝛽𝑖𝑗
𝜎2

 

Total probability of mistake 

𝑃Ε = 1 + 𝒏T𝑩T𝒃𝑗 ≤ max
𝑖

𝛽𝑖𝑗 + 𝒏T𝑩T𝒃𝑖  

   

Probability of error due to noise Upper bound 𝑃𝛦 ≤ ∑ 𝑃𝛦(𝑖)𝑖  
Lower bound  𝑃𝛦(𝑖𝑤𝑤𝑤𝑤𝑤) ≤ 𝑃𝛦 

10-2 10-1 100
10-5

10-4
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100

Output noise power σ2

E
rr

or
 p

ro
ba

bi
lit

y 
P

E
 

 

Empirical
Empirical worst only
Approx worst only
Approx sum

𝒙 
𝑵x1 

𝑩 
𝑴x𝑵 

= 

𝒅 
𝑴x1 



Conclusions 

• The effect of noise folding significantly degrades recovery performance. 
 
• Noise mitigation capabilities via measurement kernel manipulations are 

limited by the coherence properties of the resulting kernel. 
 

• The influence of the noise added to the signal prior measurement on the 
support recovery has been studied numerically revealing the relation 
between input SNR, number of channels, mutual and self-coherence. 
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Anastasia Lavrenko 
Electronic Measurement lab 

International Graduate School on Mobile Communications  
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