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Abstract— The coherence optimization based on the 
eigenvalues in radar polarimetry is used to enhance the quality 
of SAR interferograms. A second and an alternative coherence 
optimization algorithm which consists in looking at the 
possible coherence for every combination of elliptical 
polarizations extracted from the polarimetric signatures and 
selecting the highest one is also developed, tested and 
compared with the coherence optimization method. It is shown 
that, the coherence algorithm based on polarimetric signature 
performs better than the 1st approach but  it takes a longer 
execution time. SAR images used have been acquired at P-
band over the forest of Tapajos in Brazil.  
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I.  INTRODUCTION (HEADING 1) 
Polarimetry SAR is concerned with the extraction of the 

target properties from the behavior of scattered (reflected) 
waves from a target such as the textural fine-structure, target 
orientation and shape, symmetries and material constituents 
[1]. The polarimetric response is highly sensitive to the 
scattering mechanism of a pixel, so that PolSAR sorts and 
identifies radar targets. Whereas, SAR interferometry 
(InSAR) has been established as a technique in order to 
generate topographic maps or digital elevation models 
(DEM) from the phase difference between two coherent 
SAR images called interferogram [2].  Interferometric data 
can be acquired simultaneously in a Single-Pass mode, by 
using two antennas on the same platform or in a Repeat-
Pass (multi pass)-Mode over the same area at different times 
[3]. The first method is applicable only to airborne SAR 
systems or space shuttles, while the second method is most 
suited to spaceborne SAR systems. Repeat-pass 
interferometry requires only one antenna and a precise 
location of the flight path. The information derived from 
these interferometric data sets besides to the topography can 
be used to measure several geophysical quantities, such as 
deformations (volcanoes, earthquakes), glacier flows, ocean 
currents, vegetation parameters, etc.   

Polarimetric interferometry known as PolInSAR 
combines both SAR polarimetry and SAR interferometry 
[1][3]. It has become a popular area for research in the 
remote sensing field. The PolInSAR is an extension of 
conventional interferometry where full-polarization 

information is gathered at either end of the interferometric 
baseline. The method is most usefully applied to targets that 
exhibit volume scattering, such as forests, where the results 
from conventional interferometry become ambiguous. In 
this paper, we review the technology and the theoretical 
aspects signal of InSAR and discuss and assess by using 
mathematical formulations, the impact of radar polarimetry 
on the optimization of the interferometric coherence.  

The PolInSAR technique helps to retrieve the dominant 
scattering targets and isolate the effective scattering centers 
in the same time [4]. In this way, a coherence optimization 
method based on the eigenvlaue values and eigenvectors is 
used to enhance the quality of SAR interferograms. We 
propose also a second and an alternative coherence 
optimization algorithm which consists in looking at the 
possible coherence for every combination of elliptical 
polarizations extracted from the polarimetric signatures and 
selecting the highest one is also developed, tested and 
compared with the coherence optimization method. 

II. POLARIMETRIC SAR INTERFEROETRY 
With the introduction of polarimetric SAR interferometry a 
coherence optimization technique was developed by Cloud 
and Papathanassious [3]. It is considered the most general 
one, since it allows different polarization states at the two 
baseline ends to estimate the dominant scattering 
mechanisms and their interferometric phases. The starting 
point is the definition of the pauli target vector for both ends 
of the baseline, 푘⃗  and 푘⃗  given by: 

푘 ⃗ =
√

푆 + 푆 푆 − 푆 √2푆      (1) 

푘 ⃗ =
√

푆 + 푆 푆 − 푆 √2푆      (2) 

Stacking the scattering vectors 푘 ⃗  and 푘 ⃗  one over the 
other, we generate a six-dimensional vector. We use the 
outer product formed from this six-dimentional vector to 
define a 6x6 hermitian positive semidefinite matrix 	[푇 ] : 

[푇 ] = 〈
푘 ⃗

푘 ⃗ 푘 ⃗∗ 푘 ⃗∗ 〉 =
[푇 ] [Ω ]

[Ω ]∗ [푇 ]      (3) 



The complete information measured by the SAR system can 
be represented in form of three 3x3 complex matrices 
[푇 ] = 〈푘 ⃗	푘 ⃗∗ 〉 , 	[푇 ] = 〈푘 ⃗	푘 ⃗∗ 〉  and [Ω ] =
〈푘 ⃗	푘 ⃗∗ 〉. [푇 ] and 	[푇 ] are the conventional hermitian 
coherency matrices which describe the polarimetric 
properties for each image separately. However, [Ω ] is a 
new 3x3 complex matrix which contains not only 
polarimetric information but also the interferometric phase 
relations of the different polarimetric channels between both 
images. 

A. Complex coherence 
Introducing two unitary complex vectors  휔⃗ and 휔⃗ , 

which may be interpreted as generalized scattering 
mechanisms, we are able to generate two complex scalar 
images by projecting the scattering vectors onto 푘 ⃗ and 푘 ⃗ 
, respectively, as: 

푖 = 휔⃗	∗ 푘 ⃗ and  푖 = 휔⃗	∗ 푘 ⃗                    (4) 

A general expression for the complex interferometric 
coherence for an arbritrary choice of scattering mechanisms 
휔⃗	 and 휔⃗ may be derived as: 

훾 = 〈 ⃗	∗ [Ω ] ⃗〉

〈 ⃗	∗ [ ] ⃗〉〈 ⃗	∗ [ ] ⃗〉
= 훾푒             (5) 

Where 훾 is the amplitude of the complex coherence and 휙 is 
the desired interferogram. According to (4), each image 
corresponds, to a projection of the scattering vector 푘⃗	 from 
each resolution cell in the image onto the vector  휔⃗	 
( 푖 = 휔⃗	∗ 푘⃗) . The interferometric phase of three 
interferograms can be formed by using different linear 
combinations of elements of the scattering vectors in the 
linear basis. The corresponding interferograms can be 
considered to be formed by the use of  ℎℎ ℎℎ∗  
interferogram,  휔⃗ = 휔⃗ = [1 √2⁄ − 1 √2⁄ 0] , for  
ℎ푣 ℎ푣∗  interferogram 휔⃗ = 휔⃗ = [0 0 1]  and for  
푣푣 푣푣∗  interferogram 휔⃗ = 휔⃗ = [1 √2⁄ 1 √2⁄ 0] . 
Fig. 1 shows the coherence and the interferogram of 
ℎℎ ℎℎ∗ . 

 

 

 

 

 

 

 

 
Figure 1.  Coherence and interferogram of HH1-HH2 

 

 

 

 

 

 

 

 

Figure 2.   Coherence histograms: HH1-HH2, VV1-VV2, and HV1-HV2 

A significant loss in coherence is observable in dark regions 
and is caused by volume decorrelation resulting from the 
forested areas. The corresponding histograms shown in Fig. 
2 represent a quantitative comparison of the polarization 
dependent coherence behavior in the three interferograms. 
The Maximum values are: 0.435 with 1124 pixels for HH1-
HH2, 0.409 with 1024 pixels for HV1-HV2 and 0.407 with 
1016 pixels for VV1-VV2. By analyzing the results, we 
note that the coherence represented by HH-HH is the best. 

B. Coherence optimization 
As demonstrated in the previous section, the interferometric 
coherence has a strong dependency on the polarization 
states used to form the interferogram. This dependency 
leads us to consider the question of which linear 
combinations of polarization states that give the dominant 
scattering mechanism which yield the highest possible 
interferometric coherence.  

The obtimization problem is applied on the general vector 
formulation of  the interferometric coherence as given in (5) 
by maximizing the complex Lagrangian defined as: 

퐿 = 휔⃗∗ [Ω ]휔⃗ + 휆 휔⃗∗ [T ]휔⃗ − 퐶 +
휆 휔⃗∗ [T ]휔⃗ − 퐶         (6) 

퐶  and 퐶  are constants. 휆  and 휆  are Lagrange multipliers 
introduced so that we maximize the numerator of (5) while 
keeping the denominator constant.  After an algebraic 
simplification, it yields to: 

[푇 ] [Ω ]∗ [푇 ] [Ω ]휔⃗ = 휈휔⃗ 		→		 

[퐵][퐴]휔⃗ = 휈휔⃗	             (7) 

[푇 ] [Ω ][푇 ] [Ω ]∗ 휔⃗ = 휈휔⃗ 		→		 

[퐴][퐵]휔⃗ = 휈휔⃗                      (8) 

Where [퐴] = [푇 ] [Ω ] and [퐵] = [푇 ] [Ω ]∗ .  
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Figure 3.  1st optimised coherence, b) HH1-HH2 coherence 

(7) and (8) contain two 3x3 complex eigenvector equations, 
which consequently yield three singular values 
휈(휈 ,휈 , 휈 )	with 휈 ≥ 휈 ≥ 휈 ≥ 0 and three pairs (one for 
each image) of eigenvectors {휔 ⃗,휔 ⃗} , with i=1,2,3 
representing the optimum scattering mechanisms. The 
projection of the scattering vectors 푘⃗ and 푘⃗ onto 휔 ⃗ and 
휔 ⃗ leads to the two optimized scalar complex images 푖  and 
푖 , which are used for the interferogram formation. 

푖 푖∗ = 휔 ⃗∗ 푘⃗ 휔 ⃗∗ 푘⃗
∗

= 휔 ⃗∗ [Ω ]휔 ⃗        (9) 

The maximum coherence value is given by: 

훾 = √휈 					⇒ 				훾 = 휈                (10) 

Where 휈  is tha maximum eigenvalue. 

With 훾  we obtain 휔 ⃗ and 휔 ⃗ as the corresponding 
eigenvectors. These are the optimum scattering 
mechanisms. An interferogram can be formed from the 
optimized scalar complex images 푖  and 푖  : 

푖 푖∗ = 휔 ⃗∗ [Ω ]휔 ⃗                   (11) 

Comparing the 1st optimized coherence with the linear 
coherence HH1-HH2 by using their corresponding 
histograms shown in Fig. 3, we note that the potential 
improvement that this technique provides in the generation 
of an optimum coherence is observed. The derived statistical, 
confirms the effectiveness of this approach. The 1st 
optimized coherence has a maximum value of 0.99 with a 
mean value of 0.64 and standard deviation of 0.13 contrary 
to the second classical coherence which has   has a maximum 
value of 0.89 with a mean value of 0.43 and standard 
deviation of 0.18. 
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IV. OPTIMIZATION USING THE POLARIMETRIC 
SIGNATURES 

The interferograms can be formed by using not only 
linear polarization states but also any other combination 
between arbitrary elliptical polarization states. All elliptical 
polarization states can be generated by applying a change of 
polarization basis to transform the scattering vector 
(expressed in the (H,V) basis) into another scattering vector 
expressed in any other orthogonal basis (X,Y) as explained. 
The corresponding transformation of the scattering 
lexicographic polarimetric vector 푘⃗ in the new basis is [8]: 

푘 ′⃗ = [푈 ]푘⃗                                    (12) 

Where 푈  is the transformation matrix given as:  

[푈 ] =
푎 + 푏 − 푗푐푑 √2(푐 + 푗푎푑) 푏 − 푎 + 푗푐푑
푗푑 − 푐푏 √2푎푏 푑 − 푎 − 푗푐푏
푗푑 + 푐푏 √2(−푐 + 푗푎푑) 푏 + 푎 + 푗푐푑

               

(13) 

With  푎 = 푐표푠(2휓) , 푏 = 푐표푠(2휒) , 푐 = 푠푖푛(2휓) , and 
푑 = 푠푖푛(2휒) 

To determine (휒,휓), a processing algorithm has been 
developed to accurately and efficiently measure the location 
of the global maximum of the radar cross section 휎(휒,휓) of 
a copolarization signature in (휒,휓) space as mentioned by 
Fig. 4.  휎(휒,휓) is computed and represented graphically by 
calculating the transmit and the receive Stokes vectors (푔⃗  
and 푔⃗ respectively)and the Kennaugh matrix [퐾]. This later 
is a 4x4 symmetrical matrix calculated from the coherency 
matrix. The backscattering radar cross section is given by 
[9]: 

휎(휒,휓) = 푔⃗[퐾]푔⃗                             (14)   

 

 



 

 

 

 

 

 

 

 
Figure 4.  Co-polarimetric signature 

The subscripts r and t denote the received and the 
transmitted polarizations.   k is the transmitted wavenumber, 
ψ and χ are the orientation and the ellipticity angles. The 
first angle (ψ ) ranges between  0° to 180° and the second 
one (χ ) is defined between -45° to 45°. The Stokes vector is 
defined as:  

푔⃗ = [1 cos(2휓) cos	(2휒) sin(2휓) cos	(2휒) sin	(2휒)]  (15) 

This global maximum algorithm does a direct search over 
(휒,휓)space for the maximum of signature. In the algorithm, 
the location of the maximum is determined for each 
resolution cell (image pixel). The ellipticity and orientation 
angles (휒,휓)   corresponding to the maximum of the 
polarimetric signature are extracted to measure the 
interferometric matrix and phases. 

The possibility of transforming the scattering vector 
into any orthogonal polarimetric basis allows us to form 
interferograms between all possible elliptical polarization 
states. After transforming both scattering vectors 푘 ⃗ and 푘 ⃗ 
from the {ℎ,푣} basis we obtain the matrices corresponding 
to the new basis as follows: 

[퐶 ]( , ) = 〈[푈 ]푘 ⃗푘 ⃗
∗

[푈 ]∗ 〉 = 〈[푈 ][퐶 ][푈 ]∗ 〉   
(16) 

[퐶 ]( , ) = 〈[푈 ]푘 ⃗푘 ⃗
∗

[푈 ]∗ 〉 = 〈[푈 ][퐶 ][푈 ]∗ 〉   
(17) 

[Ω ]( , ) = 〈[푈 ]푘 ⃗푘 ⃗
∗

[푈 ]∗ 〉 = 〈[푈 ][Ω ][푈 ]∗ 〉  
(18) 

A new interferometric matrix [훾] can be then defined as: 

[훾]( , ) = [Ω ]( , ). [퐶 ]( , ) .∗ [퐶 ]( , )              (19) 

Which are 

 

 

 

 

 

 

 

Figure 5.   

Figure 6.  (a) Coherence and (b) Interferogram 

 

 

 

 

 

Figure 7.  Coherence histogram 

 

[훾]( , ) =
훾 훾 훾
훾 훾 훾
훾 훾 훾

              (20) 

Where 푥 and 푦 denote two arbitrary elliptical polarizations.  

The resulting interferometric phases are given by: 

[휙] = arg	([훾]( , ))                        (21) 

The best interferometric phase estimate will be obtained by 
selecting the combination that maximizes the coherence 
between different polarization states in [훾]( , ) . The 
resulted coherence, its histigoram and the corresponding 
interferogram are shown in Fig. 5 and Fig. 6 respectively.  
The basic statistics of the resulted coherence image indicate 
that this coherence has a maximum of 0.96, a mean of 0.67 
and a standard deviation of 0.10. Comparing these results 
with the HH1-HH2 and the optimized coherences, we note 
that the coherence obtained with the second approach which 
is the polarimetric algorithm based on the eigenvalue 
problem is higher than that obtained by selecting the 
polarization state that maximizes the coherence as indicated 
by the histograms shown in Fig. 7. Again, the PS-coherence 
is better than the classical because of its high max and mean 
values and its low standard deviation as represented in Table 
1. These observations are confirmed by the circles.  
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Figure 8.  The three coherence histograms of the 1st optimum, PS and 
HH1-HH2 

TABLE I.  BASIC STATISTICS OF THE 1ST OPTIMIZED AND THE HH1-
HH2 COHERENCES 

Basic Stats Min Max Mean Stdev 

PS-Coherence 0.00   0.96 0.67 0.10 

1st optim-coherence 0.00   0.99 0.64   0.13 

HH1-HH2 coherence 0.00 0.89 0.43 0.18 
 

V. CONCLUSION 
The aim of this paper was to investigate whether the 

polarimetry can be utilised to get better DTM (Digital 
Terrain Model) combined to InSAR. To this end the first task 
was to generate an interferogram from a couple of co-
registered SLC radar images acquired in a singular 
polarization. The second task was to study the potential of 
polarimetric InSAR in the improvement of the interferogram 
compared to the first part, which is the conventional InSAR. 
As a consequence, a general formulation has been derived 
for coherent interferometry using polarized waves. Based on 
this formulation, we have solved the coherence optimization 
problem to obtain the three optimum scattering mechanisms 
that lead to the best phase estimates. Comparison with 
conventional single polarization estimates illustrates the 
significant processing gains that are possible if we have 
access to full polarimetric interferometric data.  In this way 
we are able to generate interferograms related to certain 
independent scattering mechanisms and extract the height 
differences between them. Based on the resemblance 
assumption of the two scattering mechanisms (훾 = 1), the 
interferogram can be improved. Another coherence 
optimization method, which has been also developed and 
tested using the polarimetric signatures.  By selecting the 
polarization basis for maximum copollarization in both 
images, the  resulte interferogram exhibits an improved 
coherence compared to the 1st optimized coherence d   

  . 
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