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INTRODUCTION

WSS signal received by cognitive
radar:

y(t) =

K∑
k=1

cke
2πfkt/T + n(t)

• ck’s: zero mean uncorrelated ran-
dom variables

• n(t): a WSS signal (possibly
colored noise).
• 1/T : the Nyquist sampling

rate.
• f1, · · · , fk: frequency of in-

terfering signals

Contributions:

• We propose a sub-Nyquist
sampling technique: Co-
prime Sampling.
• We use atomic norm denois-

ing to detect the frequen-
cies.
• We use spectral priors to im-

prove the frequency local-
ization.

COPRIME SAMPLING

Auto-correlation:

ryy[k] = E(y(nT )y∗(nT − kT ))

=
K∑
m=1

σ2
me

k2πfm + rnn[k]

• σ2
m = E(|cm|2).

• rnn[k] is the autocorrelation
of n(t), and |rnn[k]| < η.

Coprime Sampling: Sample
y(t) using two samplers with
rates 1/MT , 1/NT Hz

xM [n] = y(MnT ),

xN [n] = y(NnT )

Lemma 1 [2] ∀ 0 ≤ k ≤ MN −
1, ∃ 0 ≤ n1 ≤ 2N − 1, 0 ≤ n2 ≤
M − 1, so that k = Mn1 −Nn2.

Estimating the Auto-Correlation:
1. Find 0 ≤ n1 ≤ 2N − 1, 0 ≤ n2 ≤

M − 1, so that k = Mn1 −Nn2.
2. Compute

r̃yy [k] = 1
L

∑L−1
l=0 xM [n1 +

Nl]x∗N [n2 +Ml]

3. Estimate r̃yy [−k] using
(−n1,−n2), and refine as
r̂yy [k] = 0.5× (r̃yy [k]+ r̃∗yy [−k])

RESTRICTED SPECTRAL PRIORS

• Unconstrained Atomic Set: A , {a(f), f ∈ [0, 1)}where a(f) =
[1, e2πf , e2π2f , · · · e2π(P−1)f ]T

• The atomic norm of x ∈ CP : ‖x‖A = inf{t > 0|x ∈ tconv(A)}
• Probabilistic Priors: Band Fi ,

[fi1, fi2) contains interfering fre-
quencies w. p. αi

Aw = {a(f)w(f), f ∈ [0, 1)}

w(f) = αi, for f ∈ Fi.

• Block Priors: Only the bands
F =

⋃I
i=1 Fi

are occupied. The corresponding
atomic set:

Ap = {a(f), f ∈ F}

Primal Problem: minx
1
2‖r− x‖22 + λ‖x‖Ā

where Ā is either Aw or Ap, and r = [r̂yy[0], · · · , r̂yy[P − 1]]T , with
P ≤MN

Dual problem for Probabilistic Priors:

max
z

1

2

(
‖r‖2 − ‖r− z‖2

)
|〈a(f), z〉| ≤ αiλ,
f ∈ Fi, i = 1, 2, · · · , I

Dual problem for Block Priors:

max
z

1

2

(
‖r‖2 − ‖r− z‖2

)
|〈a(f), z〉| ≤ λ,
f ∈ Fi, i = 1, 2, · · · , I
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RECASTING THE DUAL PROBLEMS AS SDP
Following [1], for [fL, fH ] ⊂ [0, 1], define:

α , tan(πfL), β , tan(πfH), d0 , −αβ + 1

2
, d1 ,

1− αβ
4

+ 
α+ β

4

Furthermore, for Gram matrices G1 ∈ CP×P ,G2 ∈ C(P−1)×(P−1), let

Lk,fL,fH (G1,G2) , tr(ΘkG1) + tr [(d1Θk−1 + d0Θk + d∗1Θk+1)G2]

Θk : ones on kth diagonal, and zeros elsewhere. (k = 0: the main diagonal, and k > 0:
upper diagonals.)

Probabilistic Priors:

maximize
z

G11,G12,··· ,G1I�0
G21,G22,··· ,G2I�0

‖r‖2 − ‖r− z‖2

subject to

δk1 = Lk1,f ′L1
,f ′

H1
(G11,G21)

k1 = 0, · · · , P − 1[
G11

1
λα1

z̃τ1
1
λα1

z̃Hτ1 1

]
� 0,

...

δkI = LkI ,f ′LI
,f ′

HI

(G1I ,G2I)

kI = 0, · · · , P − 1[
G1I

1
λαI

z̃τI
1
λαI

z̃HτI 1

]
� 0,

Block Priors:

maximize
z

G11,G12,··· ,G1I�0
G21,G22,··· ,G2I�0

‖r‖2 − ‖r− z‖2

subject to

δk1 = Lk1,fL1
,fH1

(G11,G21)

k1 = 0, · · · , P − 1[
G11

1
λ
z

1
λ
zH 1

]
� 0,

...

δkI = Lkp,fLI
,fHI

(G1I ,G2I)

kI = 0, · · · , P − 1[
G1I

1
λ
z

1
λ
zH 1

]
� 0,

SIMULATION RESULTS

Coprime, w/o prior Coprime, block prior Coprime, prob. prior

Uniform, w/o prior Uniform, block prior Uniform, prob. prior

Figure 1. The dual polynomials corresponding to atomic norm denoising, using different
samplers and spectral priors, 5 = K < M̃ = 12, M̃ indicates the block length, and K is
the number of spectral lines. We use L = 20 blocks

Coprime, w/o prior Coprime, block prior Coprime, prob. prior

Uniform, w/o prior Uniform, block prior Uniform, prob. prior

Figure 2. The dual polynomials corresponding to atomic norm denoising, using different
samplers and spectral priors, 13 = K > M̃ = 12


